Measuring the Stokes polarization parameters
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The Stokes formulation for representing polarized light is discussed along with the classical
measurement method for determining the Stokes polarization parameters. The limitations of this
method are noted, and we consider the rotating quarter-waveplate method, which avoids the
limitations of the classical method and allows a curve fitting algorithm to be used to determine the
Stokes parameters. The quarter-waveplate method is attractive because of its accuracy and
simplicity and can be implemented in an undergraduate or graduate optics course with a minimum
amount of equipment. © 2007 American Association of Physics Teachers.
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I. INTRODUCTION

In 1852 George Gabriel Stokes showed that the polariza-
tion state of light can be characterized in terms of four in-
tensity parameters % The Stokes polarization parameters are
widely used to describe the polarization behavior of an opti-
cal beam > due pr1mar11y to the fact that the polarization
ellipse,6’ which is an amplitude description of polarized
light, is not directly accessible to measurement. % The polar-
ization ellipse and its associated orientation and ellipticity
angles can be shown to be directly related to the Stokes
polarization parameters.3

Although several measurement methods can be used to
determine the Stokes polarization parameters, our interest is
in a method that can be readily implemented in an under-
graduate or graduate optics laboratory. To understand this
measurement method we first present some background in-
formation on the Stokes polarization parameters.

II. THE POLARIZATION ELLIPSE AND THE
STOKES POLARIZATION PARAMETERS

The Stokes parameters describe not only completely po-
larized light (elliptically polarized light), but unpolarized
light and partially polarized light as well. Polarization arises
when the optical beam consists of two independent orthogo-
nal components, E,(z,7) and E,(z,1), that have different am-
plitudes and phases. The orthogonal components can be
taken to be along the x- and y- axes so that the direction of
propagation is in the z-direction. ¥ The equations that describe
this behavior are

E (z,t) = Ey, cos(wt — k7 + 6,), (la)

E(z,1) = Eqy cos(wt — k2 + 5)), (1b)

where 7 represents the time. E,, and E, are the maximum
amplitudes of the optical field, w=27v is the angular fre-
quency, k=2m/\ is the wave number, and &, and o, are
phase constants. The term wt— kz describes the propagation
of the wave and is called the propagator. At optical frequen-
cies the duration for a single wave to repeat its oscillation is
of the order of 107! s. This time interval is for all practical
purposes immeasurable and so the frequency of oscillation
cannot be directly observed or measured.

Because the field components cannot be directly observed,
a useful visual representation of the polarization behavior of
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the optical beam can be obtained by eliminating the propa-

gator in Eq. (1) between the equations for E,(z,?) and E,(z,1)
yielding

E\(z,0)’

Eq

X

2E(z,1)E,(z,1)
EoEq,

E(z,1)°
+ -

2
Ey,

cos 8=sin’ 8, (2)

where 6=6,— 8,. Equation (2) is called the polarization el-
lipse (see Fig. 1) because it describes the polarization of the
optical field.

The ellipse described by Eq. (2) can neither be observed
nor measured. To determine the parameters of the polariza-
tion ellipse that can be observed, Eq. (2) must be trans-
formed to the intensity (observable) domain.® This transfor-
mation can be done by taking a time average of Eq. (2). The

time average of the quadratic field components,
(Ez,0)E|(z,1)), is defined by
‘l T
(Efz,1)E/(z,1)) = lim ;f Efz,0)E;(z,t)dt  (i,j=x.y).
T— 0
3)
The time average of Eq. (2) leads to the relation
So=87+85+53, (4)
where
So=Eg, +Ej,. (5a)
S = on Eoy, (5b)
S, =2E,E, cos 9, (5¢)
S3 = 2E0XE0y Sin 5 (Sd)

Equation (5) defines the four Stokes polarization param-
eters. They are described in terms of intensities (amplitudes
squared) and therefore can be measured. The parameter S,
describes the total intensity of the optical field, S| describes
the preponderance of linearly horizontally polarized light
(LHP) over linearly vertically polarized light (LVP), S, de-
scribes the preponderance of linear +45° polarized light (L
+45P) over linear —45° polarized light (L—45P), and the
fourth parameter S5 describes the preponderance of right cir-
cularly polarized light (RCP) over left circularly polarized
light (LCP). The Stokes parameters in Eq. (5) can be ar-
ranged as the elements of a 4 X I matrix as
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Fig. 1. Plot of the equation for the polarization ellipse, Eq. (2). In general,
the ellipse is not in its standard form, where E,(z.7) and E,(z,?) are directed
along the x- and y-axes, but along an axis rotated through an angle .

SO E(z))c + E%y
S EX - E%
s= =TT ] (6)
S, 2EE, cos &
S3 2EOXE0y sin &

Equation (6) is usually called the Stokes vector. In particular,
Eq. (6) is the Stokes vector for elliptically (completely) po-
larized light (ELP). Any state of completely polarized light
can be described using Eq. (6).

A set of polarization states that are very useful are the
degenerate polarization states,

1 1
Siup = (1) . Sive= _Ol ,
0 0
1
Stsasp = (1) s Sp-asp= _01 , (7)
0 0
1 1
Srep = 8 > Siep= g
1 -1

The Stokes vectors have been normalized to unit intensity in
Eq. (7).

The Stokes parameters describe not only completely po-
larized light but also unpolarized and partially polarized light
as well. To describe these additional polarization states Eq.
(4) must be modified as follows:

S5 = ST+ 55+55. (8)

In Eq. (8) the equality applies to completely polarized light
and the inequality applies to both unpolarized and partially
polarized light. The Stokes vectors for unpolarized light and
partially polarized light are represented by
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1 S
soo=| O | S| S 9)
UNP 0 s PP S2 s
0 S,

where the subscript UNP and PP refer to unpolarized and
partially polarized light, respectively.

Another important measure is the degree of polarization
represented by P. For completely polarized light P=1 and for
unpolarized light P=0. Partially polarized light is intermedi-
ate to these two limits and is represented by 0 <P <1. The
degree of polarization is defined by3’7

[a2 2 2
1, ST+ 855+ S
=EP_ L2 g<P<1). (10)

" Iror So

Partially polarized light can be represented as a mixture of
unpolarized light (UNP) and completely polarized light. The
Stokes vector for partially polarized light can be written as

So So So
ST 0 S
s=| "' =a-p +p| 7! . (11)
S5 0 S>
S5/ pp 0/ une S3/ eLp

The primes are placed on the Stokes vector S for partially
polarized light to emphasize that it is different than that de-
fined for elliptically polarized light. For P=0, Eq. (11) re-
duces to unpolarized light and for P=1 the equation reduces
to elliptically (completely) polarized light.

In many measurements the light is found to be partially
polarized and we are interested in determining the com-
pletely polarized component. To do so, the four Stokes pa-
rameters are measured, and the degree of polarization is
found using Eq. (10). If 0<P<1, the completely polarized
component is found from Eq. (11) to be

So So 1

S I Y 1-P| O
[ - _— 12
EP= L s, P| s} P |o (12)

SS ELP Sé PP 0 UNP
o0=sP=<1)

The polarization ellipse can be described in terms of two
angles, the orientation angle ¢ and ellipticity angle y. These
angles can be determined by measuring the four Stokes pa-
rameters and are given by3

1 s
=5tan_1<S—2> oO<y=mn), (13a)

1

| s
X=Esin_l<s—3) (-ZL—T<X\;—T>. (13b)

0

Equation (13) applies to completely polarized light.

II1. CLASSICAL MEASUREMENT OF THE STOKES
POLARIZATION PARAMETERS

The classical measurement of the Stokes parameters is car-
ried out by allowing the polarized beam to propagate sequen-
tially through two polarizing elements known as a quarter-
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Fig. 2. The classical measurement setup of the Stokes polarization param-
eters of an optical beam.

waveplate and a linear polarizer.3’7 A waveplate can be
represented by two orthogonal axes known as the fast and
slow axes. The waveplate creates a phase shift ¢ between the
orthogonal components of a polarized beam. The quarter-
waveplate introduces a phase shift of one-quarter of a wave
(7r/2 rad) between the orthogonal components of the polar-
ized beam. A linear polarizer is also characterized by a pair
of orthogonal transmission axes. Ideally, no transmission oc-
curs along one axis and there is complete transmission along
the orthogonal axis. A linear polarizer also has the property
that any polarization state of incident light is transformed to
linearly polarized light.

In the measurement the waveplate is fixed with its fast
axis along the x-axis and the transmission axis of the linear
polarizer is rotated through an angle 6. Figure 2 shows the
measurement configuration using a polarized laser as an op-
tical source.

;F;le intensity of the optical beam on the detector is given
by™

1
1(6,¢) = E(SO+S, cos 20+ S, sin 260 cos ¢

— S5 sin 26sin ¢), (14)

where 6 refers to the linear polarizer angle and ¢ refers to
the phase of the waveplate. The Stokes parameters can be
measured by first removing the waveplate and then measur-
ing sequentially the intensity of the optical beam with the
linear polarizer set at #=0°, 45°, and 90°, respectively. The
final (fourth) measurement is made by inserting a quarter-
waveplate (¢»=90°) into the optical train with the linear po-
larizer set at #=45°. From Eq. (14) the four Stokes param-
eters are then found to be’

So=1(0°,0°)+1(90°,0°), (15a)
S, =100°,0°)—1(90°,0°), (15b)
S,=21(45°,0°) = S,, (15¢)
Sy=S,—21(45°,90°). (15d)

Although this method is satisfactory, it has several draw-
backs. It requires that the transmission axis of the linear po-
larizer be aligned as accurately as possible to the required
angles. In the final measurement the quarter waveplate must
be inserted and aligned. The introduction of the quarter-
waveplate absorbs light, which modifies the equations. Fi-
nally, only four data points are measured, which increases
the chance of error.
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Fig. 3. The rotating quarter-waveplate method for measuring the Stokes
polarization parameters. The figure shows the polarizing elements that gen-
erate the Stokes parameters to be measured.

IV. THE ROTATING QUARTER-WAVEPLATE
MEASUREMENT

An alternative to the classical measurement of the Stokes
parameters is to use a quarter-waveplate that can be rotated
through an angle 6; the quarter-waveplate is followed by a
fixed linear polarizer whose transmission axis is fixed in the
direction of the x-axis. The measurement configuration is
shown in Fig. 3 where the optical source is a polarized laser.

An analysis of Fig. 3 shows that the intensity of the optical
beam on the detector is given by7

1
1(60) = E(SO+ S, cos> 260+ S, cos 20sin 26+ S, sin 26).
(16)

The Stokes parameters in Eq. (16) correspond to the optical
beam that emerges from the polarizing element(s). The
squared and product terms in Eq. (16) can be rewritten by
using the trigonometric half-angle formula to yield7‘9

1
I(ﬂ):E(A+Bsin20+Ccos40+Dsin40), (17)
where
S S S
A=So+—, B=S;, C=—, D=—. 18
ot 3 5 > (18)

Equation (17) is a truncated Fourier series consisting of a dc
(constant) term, a second harmonic term, and two fourth har-
monic terms. The question arises as to how many data points
must be taken to determine A, B, C, and D. The answer is
provided by Nyquist’s sampling theorem, which states that
“a continuous time signal can be reconstructed from its
samples if it is sampled at a rate at least twice its highest
frequency component.”lo The maximum frequency corre-
sponds to 460 (#=2m7ft) so that to determine A, B, C, and D
the minimum number of data points that must be taken is 8.

Because discrete intensities are measured, Eq. (17) is re-
written as

1
I,= 5(A +Bsin26,+ Ccos46,+Dsin46,) (n
=1,2....N) (19)

(N=38),

where N is an even number. The coefficients A, B, C, and D
are determined using familiar methods from Fourier analysis
and are given by
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Fig. 4. Intensity plot for Eq. (23) for the continuous rotation of the quarter-
waveplate through 360°, showing two identical waveforms; the period of a
single waveform is 180° and repeats over 180° intervals.
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In Eq. (20) the intervals are equal and are given by 6,,,
-6,=180°/N. From Eq. (18) the Stokes parameters are
found to be

So=A-C, §,=2C, S,=2D, Sy=B. 1)

For example, if eight measurements of the normalized in-
tensity at equal intervals are taken and found to be I,
=0.750 (6,=0.0°), I1,=1.00 (6,=22.5°), 1;=0.854 (6,
=45.0°), 1,=0.750 (#,=67.5°), I5=0.750 (6,=90.0°), I
=0.500 (6,=112.5°), [;=0.146 (6,=135.0°), and Ig
=0.250 (6,=157.5°), the reader can verify that the intensity
equation is

1
1(6) = 5(1.250 +0.707 sin 26+ 0.250 cos 46
+0.250 sin 46). (22)

Equation (22) yields the normalized Stokes vector:

1.000

0.500
S= . (23)
0.500

0.707

A plot of the intensity versus the continuous waveplate rota-
tion angle for Eq. (22) is shown in Fig. 4.

V. MEASUREMENTS

We produced different types of polarized light and ana-
lyzed it using the rotating quarter-waveplate technique. A
rotating half-waveplate will produce various orientations of
linearly polarized light. Elliptically polarized light with con-
stant phase can be produced by using a rotating quarter-
waveplate (not to be confused with the quarter-waveplate
used in the analyzer). Elliptical light of any phase and rota-
tion can be produced by a Babinet-Soleil compensator. The
measurement configuration used for these experiments is
shown in Fig. 5.

In the measurements the polarizing element was placed in
a rotatable mount and then inserted between the light source
and the analyzer. A linearly polarized HeNe laser (632.8 nm)
was used as the optical source. A calcite polarizer was placed
in front of the laser to obtain linearly horizontally polarized
light. Only a linearly polarized laser should be used; a ran-
domly polarized laser is not suitable for polarization work.

The intensity is measured by manually rotating the
quarter-waveplate through 180° (one-half of a complete ro-
tation) in the analyzer using the PASCO polarization ana-
lyzer (0OS-8533A) (modified to accommodate the rotating
quarter-waveplate) along with the PASCO Rotary Motion
Sensor (CI-6538).

The quarter-waveplate only needs to be rotated through
180°, one-half of a complete rotation, to obtain a complete
cycle of the intensity. The rotary motion sensor is connected
to the rotational mounted quarter-waveplate by means of a
tight belt and the resolution was selected to be 1°. This reso-
Iution was selected because rotating the quarter-waveplate
over a half rotation yields 180 data points, which is a more
than sufficient number of data points for analysis.

The output of the motion sensor is a series of digital pulses
that indicate the rotation angle of the rotating quarter-
waveplate. This angle information is fed to a digital port of
the PASCO 750 interface (CI-750) and then to a computer
through a SCSI (or USB) port. Simultaneously, the intensity
of the beam that is measured by the PASCO optical detector
(CI-6504) is also fed to the analog input port of the 750
interface.

]
, 1
HeNe Calcite Polarizing i Rotating E o
Laser Linear Element : Quarter- LHP : optieal
Polarizer ! Waveplate :
Lomomo - t ---------------- H ‘ Analog
Rotating PASCO 750
Motion Sensor Digital Interface
'

Fig. 5. Setup to measure the Stokes polarization parameters using a rotating quarter-waveplate in the analyzer.

166 Am. J. Phys., Vol. 75, No. 2, February 2007

Schaefer et al. 166



Intensity

0_07\|.|.|.|.|.|.|\|.
0 20 40 60 80 100 120 140 180

180
Rotating Waveplate Angle, 4

1.0 - -
098 -7 ), 13
4 S % *
r LA A
y
o8- 5 7 5
1 kK _
Py I - .
07 - ¢ ¢ Y -
LS F T |
é
06| &7 LY -
. v =
. i

9 05|y % L ]
c %
"g 04 ..’}/\".. % B ,/\..
0.3 ; :-:.\ E
0.2 — '::' 00, 900 Y . 7]
0.1 + ..' ‘,‘ A ._:.
0.0 A |\j . .

0 20 40 60 80 100 120 140 160 180
Rotating Waveplate Angle, &

Fig. 6. Intensity plots for a rotated quarter-waveplate. (a) The theoretical curves given by Eq. (34); (b) the measured values.

The data consisted of intensity versus angle scans. A curve
fitting routine in Mathematica was used to analyze the data
using Egs. (16), (19), and (20). The routine calculates the
four Stokes parameters of the polarized beam from which a
continuous curve can then be plotted.

The collected data for both types of measurements were
partially polarized. To determine the completely polarized
components the measured data were corrected by first find-
ing the degree of polarization, Eq. (10), by using the mea-
sured Stokes parameters, and determining the completely po-
larized component using Eq. (12).

A. Determination of the Stokes parameters for linear
polarized light generated by a rotated half-waveplate

In this measurement a half-waveplate was inserted into the
optical beam between the laser and analyzer. The half-
waveplate must be inserted so that it rotates the light counter-
clockwise (looking toward the optical source). For a me-
chanical rotation of ¢ with the half-waveplate, the
polarization ellipse is rotated by 4¢. For example, if polar-
ized light at a 45° orientation is desired, the half-waveplate
must be rotated by 22.5°. A rotator can also be used in place
of a half-waveplate, in which case the mechanical rotation
angle of « will rotate the polarization ellipse by 2a.

The Stokes vector for the beam that emerges from the
rotated half-waveplate is given by

1

cos 2
S= 10 . s (24)
sin 2«

0

where « is twice the angle ¢ of rotation of the half-
waveplate and I is the intensity of the beam emerging from
the laser.

From Egs. (17) and (24) the intensity of the beam on the
optical detector is given by

1 1 1
I(a,0) = 2 + > cos 2a + 2 cos(Qa—40), (25)

where 6 is the angle of rotation of the quarter-waveplate.
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The Stokes parameters were calculated from the measured
data and agree very well with theory. For example, when the
half-waveplate is set to @=0°, the Stokes parameters ex-
tracted from a representative data scan were (1, 0.999, 0.033,
0.0092), compared with the theoretical value of (1, 1, 0, 0).

B. The Stokes parameters for elliptically polarized light
of costant phase generated by a rotated
quarter-waveplate

The measurement configuration is identical to that shown
in Fig. 5. However, the rotated half-waveplate is now re-
placed by a rotatable quarter-waveplate (this plate is not to
be confused with the quarter-waveplate in the analyzer) with
its fast axis along the horizontal x-axis. In addition, the linear
polarization of the laser is set to 90°. This configuration will
keep the orientation angle of the polarization ellipse positive.

The Stokes vector for the beam that emerges from the
rotated quarter-waveplate is given by

So 1
S —cos’2

s=|" sl (26)
S5 —cos2Bsin2f3
S3 sin 28

where [ is the angle of rotation of the quarter-waveplate
measured counter-clockwise from the horizontal x-axis, and
I, is the intensity of the beam emerging from the half-
waveplate.

From Eq. (17) the intensity of the beam on the optical
detector can be shown to be

1 0—§ l 4 l 2 26 l 2
(,8,)_8—8005 ,B+4cos( B- )—4003(,8

1 1
+26) - S cos(4B8 - 40)§ cos 40, (27)

where 6 is the angle of rotation of the quarter waveplate in
the analyzer. Two plots are now made of representative data.
Figure 6(a) is the theoretical result given by Eq. (27). Figure

6(b) shows four representative scans of measured values.
Both plots include the scans with 8=0°,30°,60°,90°.
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We see that the measured data of the beam emerging from
the linear polarizer and the rotated quarter-waveplate agree
with the theoretical values. An interesting example occurs
when the waveplate is set to S=45°, which corresponds to
right circularly polarized light. The Stokes parameters ex-
tracted from a representative data scan were (1, 0.015,
0.0424, 0.999), compared with the theoretical value of (1, 0,
0, 1).

C. The Stokes parameters for elliptically polarized light
generated by a Babinet-Soleil compensator

Finally, we point out an interesting behavior of the
quarter-waveplate. It is well known that a quarter-waveplate
can transform linearly polarized light to circularly polarized
light. Less well known is the fact that a rotating quarter-
waveplate has the following interesting property. The orien-
tation and ellipticity angles, ¢ and y, are given by [see Eq.

(13)]

S
tan 24 = S—z, (28a)
1

S
sin 2y = S—‘ (28b)

0
From Egs. (26) and (28) we see that
—cos2Bsin2

AP AP i

tan 2¢= —cos? 23

n2pB, (29a)

sin 23

sin2y = =sin 23. (29b)

We see from Eq. (29) that B can be used to select either
the orientation angle or the ellipticity angle of the polariza-
tion ellipse, but not both because the phase of the quarter-
waveplate is fixed; there is only one degree of freedom, the
rotation. If we wish to change both the orientation angle and
the ellipticity angles independently, we must also change the
phase. This change can be done by using a Babinet-Soleil
compensator, a device that can be used to rotate the axes of
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the waveplate and also vary the phase ¢. The Stokes vector
for the beam that emerges from the Babinet-Soleil compen-
sator can be shown to be for input vertically polarized light7

So 1
S —cos? 23— sin? 28 cos
s=| " [=1, P Beosd ] 3
S, —cos 2B sin 2B(1 — cos ¢)
S3 sin 283 sin ¢

We see that the orientation angle and ellipticity angles are

—cos 2Bsin 28(1 — cos ¢)
—cos?>2B+sin’2Bcos ¢

tan 24 = (31a)

sin 2y = sin 23 sin ¢=sin 2. (31b)
We substitute ¢=90° (quarter-wave condition) into Eq.
(31) and obtain the result for a rotated quarter-waveplate,
Eq. (29). Equation (31) shows that we can obtain any
value of ¢ and x using the Babinet-Soleil compensator;
that is, any state of elliptical polarization can be generated
by controlling the rotation and phase of the compensator.
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