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Bose-Einstein Condensation in a Dilute Gas: Measurement of Energy
and Ground-State Occupation
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We measure the ground-state occupation and energy of a dilute Bose gas of87Rb atoms as a function
of temperature. The ground-state fraction shows good agreement with the predictions for an idea
gas in a 3D harmonic potential. The measured transition temperature is0.94s5dTo , where To is the
value for a noninteracting gas in the thermodynamic limit. We determine the energy from a m
independent analysis of the velocity distribution, after ballistic expansion, of the atom cloud.
observe a distinct change in slope of the energy-temperature curve near the transition, which ind
sharp feature in the specific heat. [S0031-9007(96)01891-1]

PACS numbers: 03.75.Fi, 05.30.Jp, 32.80.Pj, 51.30.+i
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The ability to create Bose-Einstein condensation (BE
in magnetically trapped alkali gases [1–4] provides
opportunity to experimentally study the thermodynam
of bosonic systems in which the interactions are (i) we
(ii) binary, and (iii) experimentally adjustable [5–7]. On
goal of experimental and theoretical work in this field
to understand a variety of low-temperature phenom
from both macroscopic and microscopic points of vie
with a quantitative reconciliation of these two approach
The recent experimental studies of collective excitati
of zero-temperature condensates [5,8] were a step in
direction. The purpose of the present effort is to expl
the nature of the BEC phase transition by perform
quantitative measurements of BEC in a different regim
near the critical temperature.

In this paper we analyze a series of images of ul
cold clouds of rubidium gas to determine the critical te
perature and to extract ground-state occupation and m
energy as a function of temperature. Mean energy
its derivative, specific heat) has a certain historical
nificance because it was London’s comparison [9] of
specific heats of liquid helium and an ideal Bose
that began the rehabilitation of BEC as a useful ph
cal concept. Moreover, measurements of thermodyna
quantities such as specific heat are essential in stud
any phase transition. Ground-state occupation and cri
temperature of a Bose gas are interesting because in l
helium the former is very difficult to measure, while t
latter is almost impossible to calculate accurately.

The apparatus and procedures we use for creatin
ultracold Bose gas and BEC are described elsew
[1,10,11]. In summary, we optically trap [12] and pr
cool [13] 87Rb atoms, then load [14] them into a pure
magnetic trap. We use a time-averaged orbiting pote
(TOP) trap consisting of a static quadrupole field plu
small rotating transverse bias field [11]. The effect
potential is axially symmetric and harmonic, with a ra
of axial to radial trapping frequencies of

p
8. We further
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cool the atoms in the TOP trap with forced evaporat
[15] by applying a radio frequency (rf) magnetic fie
which induces Zeeman transitions of the most energ
atoms to untrapped spin states [16]. By ramping down
frequency of the rf field we control the cloud temperatu
The final stages of evaporative cooling are performed
nz  373 Hz trap.

We observe the atom cloud, after a period of fr
expansion, with resonant absorption imaging [5]. T
confining TOP potential is turned off suddenly, a
the cloud of atoms is allowed to expand freely f
10 ms. The cloud is then probed by a26 ms pulse
of light resonant with the5S1y2, F  2 to 5P3y2, F 
3 transition. The atoms scatter photons, impressin
shadow onto the probe beam. The shadow is ima
onto a CCD array, and the data are digitally proces
to extract the optical depth of the cloud at each po
After point-by-point corrections for imperfect polarizatio
and saturation effects, the result is a 2D projection of
velocity distribution in the expanded cloud.

These distributions contain a wealth of thermodynam
information. For instance, the integrated area under
distribution is proportional to the total numberN of atoms
in the sample. The condensate appears as a narrow fe
centered on zero velocity [1]; the number of atoms in
ground state,No, is then proportional to the integrate
area under this feature. From the mean square radiu
the expanded cloud and the expansion time, we get
mean square velocity, or average energy, of the clo
Finally, as discussed below, the temperatureT is extracted
from the images, even though the temperature is
merely proportional to mean energy in a degenerate B
cloud.

We have gone to some lengths to extract these t
modynamic quantities in a model-independent way.
instance, if we were to fit the observed velocity dist
butions to a Bose-Einstein distribution, we could har
avoid coming to the conclusion that the specific hea
© 1996 The American Physical Society
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discontinuous—the singular behavior is built-in to the
sumed functional form. Moreover, such a fit would p
clude our being able to observe effects due to interacti
finite N, critical fluctuations, etc. Fortunately, useful the
modynamic information about the sample can be extra
from direct calculation of various moments of the veloc
distribution, without specific reference to the nature of
distribution. The total number and energy of the ato
as mentioned above, are simply proportional to the ze
and second moments, respectively, calculated directl
summing over the velocity distribution images [17].

We define the number of atoms in the ground s
to be the number of atoms contributing to the narro
central feature in the optical depth images [1]. To av
biased and noisy results we provide the least-squ
fitting routine with a tightly constrained template to u
in its search for a condensate. With an independen
of measurements on condensates near zero temper
we have found that the condensate shapes are we
with 2D Gaussians whose widths, aspect ratios, and p
heights, for a given trap frequency and expansion time
functions only of the total number of atoms in the feat
[7,18]. The width, for instance, is parametrized bys 
sos1 1 aNod1y5, whereso is the predicted noninteractin
condensate width anda is extracted empirically. Th
procedure yields robust values ofNo, as long as the
temperature is high enough that the noncondensate a
form a distribution that is significantly broader than t
sharp condensate feature. At temperatures belowTyTo 
0.5, both T and No measurements become suspect, a
is no longer possible to cleanly separate the conden
and the noncondensate components without recours
a detailed model, which is contrary to the spirit of th
treatment.

Our thermometry differs from previously reporte
methods for ultracold trapped gases [1–3,5–8].
an ideal gas far from quantum degeneracy the velo
distribution is a Gaussian whose width is proportio
to T1y2. As the cloud is cooled closer to the BE
phase transition, higher densities and lower temperat
cause a rapid increase in the significance of quan
statistics and of residual atom-atom interactions. Ra
than attempt to model these effects, we assume tha
high-energy tail of the velocity distribution (i) remains
thermal equilibrium with the rest of the cloud and (ii) c
be characterized by a purely ideal Maxwell-Boltzma
(MB) distribution. The latter is plausible because th
highest-energy atoms spend most of their trajectorie
the low-density, and therefore weakly interacting, ou
part of the trapped cloud. Furthermore the occupa
numbers of the corresponding energy states are much
than one. Finally, during the free expansion the hi
energy atoms undergo on average much less than
collision. Guided by these assumptions, we determine
temperature by fitting a 2D Gaussian to only the win
of our velocity-distribution images, excluding the cent
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part of the cloud, where degeneracy, interactions, fluc
tions, etc. may be significant. To test the assumption
thermal equilibrium we have checked that the measu
temperature of clouds is independent of the size of
exclusion region, outside of the degenerate regime [19

The first quantity we examine is the ground-state fr
tion NoyN as a function of scaled temperatureTyTo

(Fig. 1). The temperature scaling removes the trivial s
in the transition temperature which occurs because as
evaporatively cool through the transition we also red
the total number of atomsN (Fig. 1, inset). We choos
our scaling temperature to beTosNd  h̄vykBfNyz s3dg1y3

wherev is the geometric mean of the trap frequencies
z is the Riemann Zeta function.TosNd is also the critical
temperature, in the thermodynamic limit, for nonintera
ing bosons in an anisotropic harmonic potential [20,2
For this case the temperature dependence of the gro
state fraction isNoyN  1 2 sTyTod3 below To (solid
line, Fig. 1). We emphasize that, in contrast with the
cent work of Meweset al. [6], this line contains no free
parameters and is not fit to the data, and so comparing
line to our data provides a detailed test of theory. Fr
our data we find a critical temperature ofTc  0.94s5dTo .
The uncertainty is dominated by the systematic uncerta
in our measurement of the scaled temperature stemm
mostly from a 2% uncertainty in the magnification of o
imaging system. Our measurements are thus only mar
ally different from the theory for noninteracting bosons
the thermodynamic limit. Finite number corrections [2
will shift the transition temperatureTcsNd down about 3%

FIG. 1. Total numberN (inset) and ground-state fractio
NoyN as a function of scaled temperatureTyTo . The scale
temperatureTosNd is the predicted critical temperature,
the thermodynamic (infiniteN) limit, for an ideal gas in a
harmonic potential. The solid (dotted) line shows the infin
(finite) N theory curves. At the transition, the cloud consi
of 40 000 atoms at 280 nK. The dashed line is a le
squares fit to the formNoyN  1 2 sTyTcd3 which gives
Tc  0.94s5dTo . Each point represents the average of th
separate images.
4985
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(dotted line, Fig. 1). Mean-field [21,23] and many-bo
[24] interaction effects may also shiftTcsNd a few percent.

The second result we present is a measurement of
energy and specific heat. Ballistic expansion, which fac
tates quantitative imaging, also provides a way to m
sure the energy of a Bose gas [6,7,18]. The to
energy of the trapped cloud consists of harmonic poten
kinetic, and interaction potential energy contributions,
Epot, Ekin, andEint, respectively. As the trapping field i
nonadiabatically turned-off to initiate the expansion,Epot
suddenly vanishes. During the ensuing expansion,
remaining components of the energy,Ekin and Eint, are
then transformed into purely kinetic energyE of the ex-
panding cloud:Ekin 1 Eint ! E, whereE is the quantity
we actually measure. According to the virial theore
if the particles are ideal (Eint  0), E will equal half the
total energy, i.e.,E 

1
2 Eideal

tot . However, for a system
with interparticle interactions the energy per particle d
to Eint can be non-negligible and thenE  aEtot, where
a is not necessarily12 .

The scaled energy per particle,EyNkBTo, is plotted
versus the scaled temperatureTyTo in Fig. 2. EyN is
normalized by the characteristic energy of the transit
kBTosNd just as the temperature is normalized byTo. The
data shown are extracted from the same cloud image
those analyzed for the ground-state fraction. AboveTo,
the data tend to the straight solid line which correspo
to the classical MB limit for the kinetic energy. Mos
interesting is the behavior of the gas at the transition.

FIG. 2. The scaled energy per particleEyNkBTo of the Bose
gas is plotted vs scaled temperatureTyTo . The straight, solid
line is the energy for a classical, ideal gas, and the dashed
is the predicted energy for a finite number of noninteract
bosons [22]. The solid, curved lines are separate polynom
fits to the data above and below the empirical transit
temperature of0.94To. (inset) The differenceD between the
data and the classical energy emphasizes the change in
of the measured energy-temperature curve near0.94To (vertical
dashed line).
4986
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examining the deviationD of the data from the classica
line we see (Fig. 2, inset) that the energy curve clea
changes slope near the empirical transition tempera
0.94To obtained from the ground-state fraction analy
discussed above.

The specific heat is usually defined as the tempera
derivative of the energy per particle, taken with eith
pressure or volume held constant. In our case
derivative is the slope of the scaled energy vs tempera
plot (Fig. 2), with neither pressure nor volume, b
rather confining potential held constant. To place o
measurement in context, it is instructive to look at t
expected behavior of related specific heat vs tempera
plots (Fig. 3). The specific heat of an ideal classical g
(MB statistics), displayed as a dashed line, is independ
of temperature all the way to zero temperature. Id
bosons confined in a 3D box have a cusp in their spec
heat at the critical temperature (dotted line) [9]. Liqu
4He can be modeled as bosons in a 3D box, but the
behavior is quite different from an ideal gas, as illustra
by the specific heat data [25] (dot-dashed line): T
critical (or lambda) temperature is too low, and the gen
ideal gas cusp is replaced by a logarithmic divergen
We can compare our data with the calculated spec
heat of ideal bosons in a 3D anisotropic simple harmo
oscillator (SHO) potential [20] (solid line). Note tha
because we do not measureEpot, we must divide the
SHO theory values by two to compare with our measu
expansion energies. The specific heat of the ideal ga
discontinuous and finite at the transition.

In order to extract a specific heat from our noisy da
we assume that, as predicted, there is a discontinuity in

FIG. 3. Specific heat, at constant external potential, vs sc
temperatureTyTo is plotted for various theories and exper
ment: theoretical curves for bosons in a anisotropic 3D h
monic oscillator and a 3D square well potential, and the d
curve for liquid 4He [25]. The flat dashed line is the specifi
heat for a classical ideal gas. (inset) The derivative (bold li
of the polynomial fits to our energy data is compared to
predicted specific heat (fine line) for a finite number of ide
bosons in a harmonic potential.
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slope at the empirically determined transition temperatu
and fit the data to separate polynomials on either s
of Tc (curved, solid lines in Fig. 2). We extract the
specific heat curve shown in Fig. 3 (bold line in inset
The observed step in the specific heat at the critic
temperature is considerably smaller than predicted by
finite number, ideal gas theory [22] (Fig. 3, inset, thin line
A more sensible comparison is to avoid taking the mod
dependent derivative and instead to compare theory
experiment directly in the energy-temperature plot (Fig. 2
The major deviation between the data and the SHO id
gas theory (dotted line) occurs at scaled temperatures
0.85 and below. The difference is probably due in part
the effects of interactions. Mean-field repulsion will ten
to increase the energy at a given temperature.

We have measured the critical temperature, groun
state occupation, and energy of a dilute Bose gas
87Rb atoms. Our analysis is unique in that it does n
rely on detailed models of the quantum degenerate clo
shape. We are thus able to examine the thermodynam
of the Bose gas in an unbiased and quantitative way. T
measured ground-state fraction and transition tempera
agree well with the theory for noninteracting boson
However, the qualitative features of the energy da
are significantly different from the noninteracting theor
In future work we will attempt to elucidate the role
interactions play in the phase transition and the spec
heat. For example, we can control the interactions
adjusting the magnetic trap spring constants and chang
the number of trapped atoms [5]. In addition, with larg
clouds [4] we can reduce our uncertainty inTc, allowing
us to investigate finite number and mean-field effects
the 1% level.
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