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𝑔𝜇𝜈𝑅 = 8𝜋

𝐺𝑇𝜇𝜈
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𝑇𝜇𝜈 = 𝑡𝑒𝑛𝑠𝑜𝑟 𝑒𝑛𝑒𝑟𝑔í𝑎 − 𝑚𝑜𝑚𝑒𝑛𝑡𝑢𝑚  
𝑚𝑎𝑡𝑒𝑟𝑖𝑎 𝑦 𝑒𝑛𝑒𝑟𝑔í𝑎 

𝑔𝜇𝜈 = 𝑡𝑒𝑛𝑠𝑜𝑟 𝑚é𝑡𝑟𝑖𝑐𝑜 

𝑅𝜇𝜈 = 𝑡𝑒𝑛𝑠𝑜𝑟 𝑑𝑒 𝑅𝑖𝑐𝑐𝑖  
                    𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎𝑠 2𝑑𝑎𝑠 𝑑𝑒 𝑙𝑎 𝑚é𝑡𝑟𝑖𝑐𝑎 

𝑅 = 𝑒𝑠𝑐𝑎𝑙𝑎𝑟 𝑑𝑒 𝑅𝑖𝑐𝑐𝑖  
                             𝑑𝑒𝑟𝑖𝑣𝑎𝑑𝑎𝑠 2𝑑𝑎𝑠 𝑑𝑒 𝑙𝑎 𝑚é𝑡𝑟𝑖𝑐𝑎 
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Métrica-FLRW 

𝑑𝑠2 = −𝑐2𝑑𝑡2 + 𝑎(𝑡)2 𝑑𝜌2 + 𝑆𝑘(𝜌)
2𝑑Ω2  

𝑆𝑘 = 𝑅𝑠𝑒𝑛
𝜌

𝑅
     𝑘 = 1 

𝑆𝑘 = 𝜌                    𝑘 = 0 

𝑆𝑘 = 𝑅𝑠𝑒𝑛ℎ
𝜌

𝑅
 𝑘 = −1 

𝑑Ω2 = 𝑑𝜃2 + 𝑠𝑒𝑛2𝜃𝑑𝜙2 

curvatura negativa cero positiva 

isotrópico si si si 

parámetro de 
curvatura 

-1 0 +1 

suma de ángulos <180 180 >180 

área ∞ ∞ 4πR2 

máxima separación ∞ ∞ πR 

nombre abierto plano cerrado 

2D 

k=-1 

k=0 

k=+1 
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Ecuaciones de Friedmann 

𝑎 

𝑎
= −

4𝜋𝐺

3𝑐2
𝜀 + 3𝑝  

𝑎 

𝑎

2

=
8𝜋𝐺𝜀

3𝑐2
−

𝑘𝑐2

𝑅0
2𝑎(𝑡)2

 1ra. ecuación de Friedmann 

2da. ecuación de Friedmann 

radio de curvatura en t=t0 

curvatura 

p = 𝜔𝜀 ecuación de estado 

E. Kolb and M. Turner. The Early Universe. 1999  



Escriba aquí la ecuación. 

Ecuación de estado 
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accounting for the radial velocity of extra-galactic nebulae. 
Monthly Notices of the Royal Astronomical Society, 91(5), 483-490. 

D. Dalvit, J. Frastai, I. Lawrie. Problems on Statistical Mechanics.1999  

𝑝 =
𝜌

𝜇
𝑘𝑇 

materia no relativista 

𝑝 ≈
𝑘𝑇

𝜇𝑐2
𝜀 𝑝𝑚 =

𝑣2

3𝑐2
𝜀 = 𝜔𝜀 → 𝜔 ≪ 1 

radiación 

𝑝 =
1

3
𝜀 → 𝜔 = 1/3 

Λ 

𝑝 = −𝜀 → 𝜔 = −1 

𝜀 = 𝜀𝜔  𝑝 = 𝑝𝜔 



Escriba aquí la ecuación. 

Densidad de energía 

Lemaitre, A. G. (1931). A homogeneous universe of constant mass and increasing radius  
accounting for the radial velocity of extra-galactic nebulae. 
Monthly Notices of the Royal Astronomical Society, 91(5), 483-490. 

E. Kolb and M. Turner. The Early Universe. 1999  

𝜀𝜔 + 3
𝑎 

𝑎
𝜀𝜔 + 𝑝𝜔 = 0
 

 

𝑑𝜀𝜔
𝜀𝜔

= −3 1 + 𝜔
𝑑𝑎

𝑎
 

𝑡0 = 𝑎ℎ𝑜𝑟𝑎 

𝑎0 =
1

1 + 𝑧(𝑡0)
=

1

1 + 0
= 1 

𝜀𝜔 a = 𝜀𝜔.0𝑎
−3(1+𝜔) 

𝜔 = 0 𝜀𝑀 a = 𝜀𝑀.0𝑎
−3 

radiación 

𝜔 = 1/3 𝜀𝑅 a = 𝜀𝑅.0𝑎
−4 

𝜔 = −1 𝜀Λ a = 𝜀Λ.0 

materia no relativista 

radiación 

Λ 
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𝑡0 = 𝑎ℎ𝑜𝑟𝑎 
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1 + 0
= 1 
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𝜔 = 1/3 𝜀𝑅 a = 𝜀𝑅.0𝑎
−4 𝜔 = −1 𝜀Λ a = 𝜀Λ.0 

radiación 

materia 

Λ 

z 

εi 

𝜀Λ(𝑎)

𝜀𝑀(𝑎)
=

𝜀Λ,0
𝜀𝑀,0/𝑎3

=
𝜀Λ,0
𝜀𝑀,0

𝑎3 

𝜀𝑀(𝑎)

𝜀𝑅(𝑎)
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𝜀𝑀,0/𝑎

3

𝜀𝑅,0/𝑎4
=
𝜀𝑀,0

𝜀𝑅,0
𝑎 

𝑎 ≈
1

3600
→ 𝑧 ≈ 3600 

𝑎 ≈ 0,75 → 𝑧 ≈ 0,33 
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𝜀𝜔 + 3
𝑎

𝑎
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𝜀𝜔 a = 𝜀𝜔.0𝑎
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radiación 

𝜔 = 1/3 𝜀𝑅 a = 𝜀𝑅.0𝑎
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𝑎 2 =
8𝜋𝐺

3𝑐2
 𝜀𝜔,0𝑎

−1−3𝜔 −
𝑘𝑐2

𝑅0
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Solo curvatura 

𝑎 2 = −
𝑘𝑐2

𝑅0
2 

k=0 

k=1 

k=-1 

𝑎 = 0 universo estático 

prohibido 

𝑎 = ±
𝑐

𝑅0
→ 𝑎 𝑡 =

𝑡

𝑡0
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universos planos k=0 

materia 

radiación 

Λ 

𝑎 2 =
8𝜋𝐺

3𝑐2
𝜀𝑀,0𝑎

−1 → 𝑎 𝑡 =
𝑡
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2/3

 𝜔 = 0 
universo  

Einstein-de Sitter(1932) 

𝜔 = 1/3 𝑎 2 =
8𝜋𝐺

3𝑐2
𝜀𝑅,0𝑎

−2 → 𝑎 𝑡 =
𝑡
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1/2

 

𝜔 = −1 𝑎 2 =
8𝜋𝐺

3𝑐2
𝜀Λ,0𝑎

2 → 𝑎 𝑡 = exp [
1

2

𝑡 − 𝑡0
𝑡0
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