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ABSTRACT

A treatment of the N1 electron Schroedinger equation describing the elastic
scattering of an electron beam by an atom with N electrons in the outer shell which,
in first approximation, leads to the equation

(V2 + k2 + UM)f(x, 3,2) =0,

widely used for the computation of low velocity elastic scattering cross-sections, in
which (3)? is the kinetic energy of the incident electron and (—%) U(7) is the inter-
action energy of the atom and the incident electron including terms arising from the
distortion of the atom by the field of the electron. The treatment is based on a wave
function antisymmetric in the space-spin coordinates of all the electrons. A discus-
sion of exchange interference and its application by Oppenheimer to supply a
qualitative explanation of the Ramsauer effect. It is found that the exchange
scattering amplitude as given by Oppenheimer requires modification. The modifica-
tion greatly reduces the value of the exchange term in the elastic scattering amplitude.
The tentative conclusion is reached that exchange interference is of minor importance
in the complete explanation of the Ramsauer effect. A derivation of the relation

f f PFFAQ = 2mi/B(F(a/7) — F*@/r))urmr

in which F(z/r) is the elastic scattering amplitude and f[F*FdQ is the total scattering
cross-section. A simple generalization of this relation for electron energies great enough
to produce excitation. Development of a new method of solving the scattering equa-
tion (V2+4k2+U(r)) f(x, ¥, ) =0 and application to computation of scattering am-
plitudes and cross-sections.

BEAM of slow* electrons in a gas is gradually dissipated as a result of

elastic collisions and consequent diversion of electrons from the beam.
One type of scattering experiment measures the intensity of the scattered
beam as a function of scattering angle; another the decrease in intensity of
the incident beam and thus simply the total amount of scattering. The results
are expressed in terms of an effective cross-section, a quantity which multi-
plied by the intensity of the incident beam gives the intensity of scattering
per unit solid angle as a function of scattering angle and electron velocity.
The goal of a scattering theory is the calculation of this effective cross-sec-
tion.

Previous cross-section computations begin with the equation

(V2 + &+ U)f(=, 3,2 =0, (1

* By “slow” is meant that the kinetic energy W. of the electrons is not great enough to
produce excitation. Atomic units of length and energy are used throughout the paper.
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in which 22=2W, and (—3) U(7) is a statistical electron atom interaction po-
tential. f(x, v, 2) is everywhere finite and for large values of 7 has the form
e~k 4 (1/r)e **"F(z/7),

a plane wave traveling along the z axis plus a spherical wave, with amplitude
F(z/7r), scattered by the atom at the coordinate origin. The scattering cross-
section per unit solid angle is then F*(z/7)F(z/r). Using (1) and suitable
choice of the potential function Holtsmark and Faxen! have been very suc-
cessful in explaining the Ramsauer effect. Allis and Morse? have recently de-
veloped a simple method of solving (1) and with a rather crude approxima-
tion to the interaction potential obtain fairly good agreement with experi-
mental results for scattering in a number of gases and vapors.

This paper presents in section 1 a method of treating the Schroedinger
equation describing the interaction of electron and atom which leads, in first
approximation, to an equation of type (1) for the scattering function, the po-
tential including terms arising from distortion of the atom by the field of the
external electron. In section 2 is a discussion of the exchange interference
phenomena predicted by Oppenheimer.? It is found that the exchange term
as given by Oppenheimer requires modification. This modification greatly re-
duces the magnitude of the exchange effect. An exact relation between the
total scattering cross-section and the scattering amplitude in the direction
of the incident wave is derived in section 3. A general method of solving (1) is
developed in section 4.

SEcTION 1. DERIVATION OF EQUATION (1)

Scattering in atomic hydrogen and alkali metal vapor. The scattering atom
is represented as an electron in the potential field — V() of the core. The nor-
mal state wave function #;(7) is then a solution of the differential equation

(V24 2Wy 4 2V (r)us(r) = 0O, (1.1)

with Wi energy level of the normal state. The wave function ¢/ (x1, x2) for the
complete system consisting of neutral atom and external electron is a solu-
tion of the equation

V24 vt 4 200, + W) + 2(V(r) + V(rs) — 1/712) )W (21, xs) = 0. (1.2)

For simplicity of notation (x) is used as a symbol for (x, v, 2). In seeking a
solution of (1.2) we adopt a scheme employed by Slater? in the study of the
helium atom. As a first approximation we assume that for every position 7, of
the incident electron the atomic electron has the same wave function as if
the incident electron were permanently located at 7,. This yields a wave func-
tion u;(x1, x2) for the atomic electron which is a solution of

(V12 -+ 2W + 2V(7'1) - 2/1’12)%1(%1, x2) = 0. (1.3)

! Faxen and Holtsmark, Zeits. f. Physik 45, 307 (1927).
Holtsmark, Zeits. f. Physik 48, 231 (1928); 52, 495 (1928-29); 55, 437 (1929).
2 Allis and Morse, Zeits. f. Physik 70, 567 (1931).
$ Oppenheimer, Phys. Rev. 32, 361 (1927).
4 Slater, Proc. Nat. Acad. Sci. 13, 423 (1926).
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In this equation 7, is merely a parameter. The energy W depends on 7, and is
conveniently replaced by
W = W1 - E(?’z) + V(?'z).

A first order perturbation calculation yields

£ = = [ [ [ut/mymein + ve.

Higher approximations add a polarization term which outside the region of
high charge density has the value +a/27% (a is the polarizability of the
atom). The approximate complete wave function must then have the form

V(w1 x2) = w11, %2)f2(%2) £ wa(we, x1)f1(21). (1.4)

Both symmetric and antisymmetric solutions are admitted because we are
treating a two-electron problem neglecting spin. Let

L(22) =V + 2W .+ 2E(rs) + fff’lh(xl, %) Vo2u1(x1, x9)d71,

g(xs, f) = fffux(xl, x2)[:<v12u1(x2, x1) — #1(xe, %1)

. fff wui(xs, %1)V12ui(xs, xl)dr;,)f(xl) + 2V 1212, x1)~V‘1f(x1)] dri.

Inserting y¥(x1, x2) as given by (1.4) into equation (1.2), multiplying the re-
sulting equation by u;(x1, x2) and integrating over (x;) space, there results

12 = 7 [ [ [, Dute, sd1sledan ¥ ¢ £, 1.9)

The integral in the right-hand member may conveniently be labelled an “ex-
change” term. The function g vanishes if the perturbed atomic wave func-
tions are replaced by unperturbed functions. Thus it may be described as re-
sulting from atomic distortion. With f(x) =2 ;= ,fi(x) the method of succes-
sive approximation yields

Lfl(x) = O;
L) = 7 [ [ [t e, sLiin # g, 1
= i g(x) f1)7

I

Lfs(x) = + fff”l(xb xjul(x; x0)g(x1, fr)dr F g(x, f2)

Identifying U(r) with E(r)+ (3) )/ [ui(x1, %)V?u1(x1, x)dk: the equation Lfy(x)
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=0 is identical with (1). At large distances from the scattering center fi(x)
is to have the form of a plane wave plus a spattered wave. »_;~,fi(x) represents
an additional scattered wave which however we may judge to be relatively
small both from the form of g and from the success of calculations based on
(1). It is clear that a procedure that neglects g must also neglect the “ex-
change” term. The “exchange” term appears first in the third approximation
and is somewhat smaller than, but comparable with g. (1.5) and (1) differ es-
sentially in that (1.5) involves atomic distortion both in the potential energy
and in the right-hand member while (1) takes distortion into account only in
the potential.

Scattering in the inert gases and in zinc, cadmium and mercury vapor. The
atom is idealized as an outer shell of 2 or 8 electrons in the potential field
— V(7) of the core. We introduce the convention that (1, 2, - - - , N; x) re-
presents the space coordinates of electron 0 and the space and spin coordinates
of electrons 1,2, - - -, N. Also #;(1, 2, - - -, N) with N=2 or 8 is the normal
state wave function including spin and (1, 2, - - -, N; x,) the solution of
the equation

N N N
< ZV;2 —f— 2(W1 — E(i’g) + ZV(?’[) — Zl/flk>> u1(1,2, LR ZV;.’/\?()) = 0(16)
1 0 0
for which #;(1,2, - - -, Ny ©)=u;(1,2, - - -, N) and
> f . ful*(l, 2, N; youi(1,2, - - - N; xo)dry - - - dry = 1.
spin

In first approximation E(ry) = V(75) —2 spin/ - -f]u(l, 2, -, N)IZZIN
(1/] ror—7e|)dT1 + - - dry. Higher approximations add a polarization term. The
Schroedinger equation for the complete system is

<§W + 2<W1 + W, + :?V(n) — 2:31/n,¢))¢(0, 1,---N)=0. (1.7).

An approximate solution antisymmetric in the electron coordinates (includ-
ing spin) is given by the sum of the functions obtained by cyclic permuta-
tions of the coordinates in the function u:(1, 2, - - -, N, x0)f(x0)8(0) (6(0)
is the spin function for the external electron):

¢(07 1: T N) = ul(ly 2, N) xo)f(xo)a(())
+ (2, - - - N, 0; 2)f(x1)8(1) + - - -+ u(0, 1, - - - N — 1; an)8(N)f(xy). (1.8)

The antisymmetry of ¥ results from the antisymmetry of # in the first NV elec-
trons and the fact that IV is an even integer. Let

L =V2+ 2W,+ 2E(®)

+ > f . ful*(l, 2, N; 2)V2uy(1, 2, - - - N; x)dry - - - drw,
spin
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o) = NZo) [ [ ul*az,-.-N;xo>(v12u1<2,~~zv,o; /(&)
spin

+ 2V (2, - - - N, 05 %1) - Vaf(®1) — (2, - - - N, 0; 1) f(1)

Z f ©o f%l*(ll, o N,, xl)V12u1(1'~, v ZVI; x1)dT1,‘dTNI)
spin

s dr

-d7y N

Combining (1.7) and (1.8), multiplying the resulting expression by u*(1,
2, - - -, N; x0)8(0), integrating over the space coordinates (1, 2, - - -, N)
and summing over all spin coordinates, and finally applying the symmetry
properties of # to simplify the result, we find

Lf(xg) = —2( Z f ce ful*(l, <« N;x)Vour(1, - - - Ny x)dry - - - drw) - Vof (x0)

—N 25(0)5(1) f ©o. f%l*(l, e N;xg)ul(Z, . -N,O;xl)Lf(xl)dn .. dTN(IQ)

—g(xf); f)

We are free to multiply #(1, - - - N; xo) by a factor e~ @ with v an ar-
bitrary real function. Determining v so that the first integral on the right-
hand side of (1.9) vanishes, (1.9) reduces to

Lf(xg) = — N D_8(0)8(1)

spin
1

f’ ©o. ful*(l, LR N, xo)ul(Z, .. -N,O;xl)Lf(xl)dn . 'dTN - g(xg,f)(IIO)

The discussion following Eq. (1.5) applies equally well here. Thus the problem
of the validity of (1) is reduced to the problem of determining the order of
magnitude of the distortion term g(x, f). The success of Holtsmark’s calcula-
tions on argon and krypton indicates that g is small. If g is neglected there
remains the problem of computing the atomic potential. Perhaps the best
that can be done here is to follow Holtsmark’s procedure and fit more or less
empirically a polarization term to the Hartree atomic potential. It seems rea-
sonable to conclude that the use of equations of type (1) with proper choice
of atomic potential for the description of electron scattering has considerable
theoretical justification.

Solutions of the form (1.8) may be used to describe electron scattering by
any atom with an even number of electrons in the outer shell. The particular
integral values N =2, 8 are singled out because they define singlet normal
states. For odd values of N greater than 1 the analysis is somewhat more com-
plex, but leads to scattering equations very similar to (1.10), differing only
in the form of the right-hand member.



SCATTERING OF SLOW ELECTRONS 45

SEcCTION 2. UNPERTURBED ATOMIC WAVE FUNCTIONS AND
EXCHANGE INTERFERENCE

Atomic hydrogen and alkali metals. Let the exact solution of the two elec-
tron scattering problem be written in the form

(a1, %2) = w1(r1)fe(x2) £ wi(re)fe(1) + Re(1, %2) (2.1)

with Ri(x1, ¥;) a remainder term quadratically integrable in (xi, x2) space.
The condition [[[ui(7)) Ri(%1, x2)dm1=0 is required for the unique determina-
tion of R and f. It is convenient to introduce the following definitions:

/) = [ [ [ut/rmein,

Vi(ry, r2) = 2(V(r1) — 1/r19),
U(f’l) == fff%1(7’2)v1(1’1, rz)ul(f’z)dﬁ = Z(V(fl) - (1/71)):

V2(1’1, 7’2) = Vl(”l, 1’2) - U(”l) = 2(1/7'1 - 1/"12)’
L=v+ k4 U).

Combining (2.1) with (1.2) and following the usual procedure of integrating
over the atomic wave function there results

Lae) = F ) [ [ [aGd@ + Vs, i) e

42 f f f w(r) 1/ raRe (1, ) dra.

The physical interpretation of (2.2) is immediate. Thus;

(2.2)

Lf(x:) —electron in static field of atom

u1(71) ffful(rz)(L + Va(re, 71))f(%2)drs — electron exchange,

2 fffu;(fz)l/hzk(xl, Xo)dTy —

reaction of distorted atom on the external electron. The orthogonality of «
and R must help to reduce the importance of this last term. The scattering
problem as treated by Allis and Morse? is founded on the equation Lf(x) =0,
which implies complete neglect of exchange and atomic distortion. For the
moment we neglect atomic distortion and study the equation

Lis(e) = F ui(ry) f f [ued@ + Vi, e @223

The simplest procedure for the approximate solution of (2.3) is to replace
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f+(x2) in the right hand member by the plane wave e~%2 which reduces (2.3)
to

2 Baw) = = VOLa(e) F ) [ [ [Vt ryetar,

yielding the scattering amplitude

Fy(z/r) = (1/4m) f ot fu1(7'2)3ikrlcos(rl’”[Vl(ﬁ, ro)us(re) f(x1)
+ Vi(rs, 1’1)%1(1'1)6_ikzz]d7'1d7'2 (2.4)

which may be further simplified by substituting e~**2 for f(x;). This is just
the cross-section found by Oppenheimer® and evaluated by Massey and
Mohr.® In words a simple approximation is substituted for f. (x;) and the ex-
pression (L4 Vy(7s, 71))f+(x2) is then evaluated. But this procedure is subject
to the fundamental criticism: L contains a differential operator and therefore
Lf is very sensitive to our choice of f. A slight change in f(x;) may lead to an
entirely different final result. The following argument makes the criticism ex-
plicit and conclusive: We write f(x) =p_;2,f:(x) and solve (2.3) by succes-
sive approximation with

Lfi(x1) = 0,

L) = F ) [ [ [+ Vit r)ftadims,

Lf1+1(x1) = F M1(7’1) fff Ml(”?)([’ + V2(7'2; 71))fl(x2)d72'
Then

It

F wu1(r1) fff u1(r2) Va(ra, 1) f1(%2)drs,

= f f f wa(ra)f(s) f f f wn(r)Vara, 7o) ua(ry)dradrs

= %2 [ [ [umtont/r) = @/man

= 0.
Lfs(xy) = F uy(ry) ffful(rz)Vz(Tz, r1)fa(x2)drs
and by induction

sz+1(OC1) = F %1(7’1) fff”1(7’2>v2(7’2: Vl)fz(xz)d'l'z.

Lfs(x1)

f f f s (ry) Lfa( 1) dry

It

Thus

Il

So finally
Lis(e) = F us(r) f f [ eVt r s,

5 Massey and Mohr, Proc. Royal Soc. A132, 605 (1931).
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and the scattering amplitude is

Fi(z/r) = 1/dx f o f“l(”)eik”ws(“‘”[Vl(”l’ 7o) u1(72) f+(%1)

i Vg(?’g, 1’1)M1(7’1)fi(x2) JdTlde.

The first integral represents direct scattering of the external electron; the
second scattering by an exchange in which the external electron enters the
atom and the atomic electron is scattered. This result differs from (2.4) es-
sentially in the replacement of Vi(rs, 71) by Va(rs, 71) in the exchange term, a
substitution which greatly reduces the value of the exchange integral. For
atomic hydrogen with f replaced by e~*# the exchange scattering amplitude
in (2.5) is only % as large as in (2.4) and 3 times as large as the direct scatter-
ing amplitude which is the same in both expressions.

The method which leads to (2.5) is quite general, although rigorous only
for one electron systems with neglect of atomic distortion, and applies in par-
ticular to the inert gases, zinc, cadmuim and mercury. For helium the scat-
tering amplitude for collisions which raise the atom from normal state 1 to
a singlet state s is

(2.5)

(1/4x) f . fua*(xl, %) ethane0s (o) [V (rg 71, 79)aas (%1, %2) f1(20)

- V2(727 71, 7'0)741(3\?1, xo)f1(x2)]d7'od’r1d7'2

and for a collision leaving atom in a triplet state ¢

(2.6)

(1/411’) f‘ .. fvt*(xl, xz)e““t“c“s“"")Vg(rz, 71, 1’0)%1(3{31, xo)fl(xz)dTQdTld'Tg (27)

in which .
u, is symmetric wave function of singlet state s,
v, is antisymmetric wave function of triplet state ¢,

Vl(f’(], 71, 1’2) = 4—/7’0 —_ 2/7’01 - 2/7’02,

Il

Vl(rg, 71, 1’2) —_ f .. f%l(xg, x4)V1(1’g, 73, 1’4)%1(303, X4)dT3dT4

Vz(?’g, 71, 7’2)

Il

4 f .. f%l(xg, x4)(1/703)u1(x3, x4)d73dr4—2/701—2/1'02,

f1 is the scattering function for elastic collisions,
k2 =2W,4+ Wy — Wy).

Thus the work of Massey and Mohr® on singlet and triplet excitation
probabilities in helium requires modification. This modification is simply the
replacement of Vi(7s, 71, 79) in the exchange integrals by Va(7s, 71, 70). A rough
calculation shows that below the resonance potential the exchange scattering
amplitude for elastic collisions is only 1/3 as large as the corresponding quan-
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tity computed from Oppenheimer’s scattering amplitude and yields a distri-
bution in angle in much better agreement with the experimental results of
Bullard and Massey.® Possibly the difference is smaller for inelastic collisions.

Oppenheimer? finds in the destructive interference of direct and exchange
scattering amplitudes a qualitative explanation of the Ramsauer effect, i.e.,
the occurrence of a minimum in the scattering cross-section for very slow elec-
trons. This qualitative explanation would appear very attractive were it not
for the success of calculations based on (1). But the exchange scattering am-
plitudes for hydrogen and helium are much smaller than all previous con-
siderations would indicate. Going from hydrogen to helium the ratio of ex-
change scattering amplitude to direct scattering amplitude falls from 3/1 to
3/2. For all atoms with atomic number greater than 2, the real and imaginary
parts of the wave functions, plotted in phase space, will show regions of al-
ternating positive and negative value. In general, the number of alternations
in sign will increase with increasing atomic number. Merely because of this
alternation in sign, the relative value of exchange and direct scattering am-
plitudes should decrease along the series helium, neon, argon, krypton. We
must then tentatively come to a conclusion in harmony with the results of
calculations based on (1): exchange interference is of minor importance in the
complete explanation of the Ramsauer effect. It must be remembered, how-
ever, that the position and height of minima in the distribution in angle curves
may depend markedly on small quantities which contribute very little to the
total cross-section.

Returning to equation (2.2), the neglect of atomic distortion is a doubtful
procedure because of the large polarizability of the alkali metals. The writer
has in preparation a paper in which the remainder term R (x, x2) is computed
by simple approximate methods. It is to be expected that the inclusion of
atomic distortion in the calculation will lead to a smaller difference between
symmetric and antisymmetric solutions than is implied by (2.5).

SECTION 3. A FUNDAMENTAL RELATION

Independent of the detailed structure of the scattering system there exists
an exact and general relation connecting the total scattering cross-section,
JJF*(z/r)F(2,7)d Q, with the scattering amplitude in the direction of the inci-
dent beam. This relation is

f f FF*dQ = (2wi/k) (F(z/7) — F*(3/r)), withg/r = 1. (3.1)

Proof: Conservation of charge in a region G bounded by a surface S is ex-
pressed by the equation

FELSE - Ff o —sain o s

¢ Bullard and Massey, Proc. Royal Soc. A133, 637 (1931).
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4 ffs{ ffj;..‘.ffj;(‘//*vlyb—¢V1¢*)drgdr2--~d‘rN}‘d51
b LLSTL o [ = smmrins - am}asi o,

For 7, large and the other coordinates of atomic dimensions ¥ degenerates
into the product of a normal state wave function %,(1, - - -, N) for the atom
and the scattering function f(x,)6(0). Hence ¥ can be written as a sum of
terms of the form +u;(1, - - -, N)f(x0)6(0) obtained by permutation of co-
ordinates plus a remainder term R(0, 1, - - -, N) which is quadratically in-
tegrable. With G a sphere centered at the origin,

N R o

spin

Lélin:t<s§ffﬁ ~-ffj;m*(l,”-N)u(1,~~-N)dn---dTN>

fL(f*Vof——fVof*)'dSo

Limit ff(f*af/ér — faf*/0r)ridQ.

r— 0

(3.2)

Il

By (3.2)
Limit f f (F*3f/0r — faf*/ar)r:dQ = 0. (3.3)

r—0

For large values of »

[ = etk 4 e (1/r)F(2/7),
f*of/or — fof*¥/or = — 2ikz/r — 2¢kF*F /r?
— (ik/r)(1 + z/r)(ek—DF* 4 gmik(r—DF)
+ (1/r) (eikG—DF* — g=ikG—2F)
-+ terms in 1/73.

The intensity of the incident beam is proportional to & and intensity of the
scattered beam to EF*F /7% Integrating over the surface of a sphere of radius
r, we have

ff(f*af/ar — fOf*/9r)rdQ = ~— 2ik ffF*FdSZ

— ikr ff(l + 2/r)(e*CTAF* 4 ¢ik—DF)dQ

+ higher order terms.
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Now
— tkr ff(l + 2/r)(et*AF¥ 4 g~ ik(r—2F)dQ

=2r (1 +5) <F*a— gikr(=9) _F— e"’”“‘”) ds

-1 ads
=4n(F*(z/r) — F(3/7)sr=1 + higher order terms.
These results combined with (3.3) yield

ffF*FdQ = (27i/k)(F(z/7) -—'F*(z/r))z/,:l.

Thus it is sufficient to compute the value of F in the direction of the incident
beam in order to find the total scattering cross-section. The physical inter-
pretation of (3.1) is simply that the scattered current is taken out of the inci-
dent beam. This occurs without decrease in the intensity of the incident beam
because the infinite plane wave of finite amplitude represents an infinite elec-
tron current.

A simple generalization of (3.1) exists when the incident beam possesses
sufficient energy to excite upper levels, but not enough for ionization. The
cross-section for inelastic collisions must be added to the left-hand member.
The right-hand member is unchanged. In this way the total scattering cross-
section is expressed as a simple function of the scattering amplitude for elastic
collisions.

SeEcTION 4. A METHOD OF COMPUTING THE SCATTERING FUNCTION

We have for solution the differential equation
(A2 + B2+ U@)p(x) = — U(r)e ik, “4.1)
derived from (1) by the substitution f(x) = p(x) +e~*#%, in which
Limit #U(@r) =
Limit 7U(r) =constant =0,
subject to the boundary conditions:
p(x) everywhere finite,
p(x) e~ (1/r)F(z/r) for large values of 7.
All the difficulties of solving (4.1) arise from the potential term U(z) in
the differential operator. For sufficiently high electron velocities A2+ %2+
U(r) is replaced by A24k2, an approximation not permitted in the velocity

range considered in this paper. We follow a well-known procedure and intro-
" duce a function G(r) with the following properties:

(A% + k> 4 U(n)G(r) = 0,
Limit G(r) =
Limit »dG/dr= —1,
Limit 7G(r)e**" = constant.
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Then .
G(r12)(A2® + k% + U(ra))p(x2) — p(x2)(A2® + k2 + U(r2))G(riz) (4.2)
= — G(ru)[ U(ra)e=*= + p(x2)(U(rs) — U(ria))] (4.2)
= Az [G(r12)Asp(as) — p(22)AG(r10) ]
and

p(w) = (1/4x) f f [ettveess + o) (U0 = U] dr, 4.3)

an integral equation for the unknown function p(x). In deriving (4.3) a sur-
face integral was discarded which may be written

Limit 72 f f (G(ri)ap(xs)/0rs — p(x2)3G(r1z)/drs]dQ.

As a result of the boundary conditions on G and p the integrand vanishes
with the inverse third power of #; and the value of the limit is zero.

We require a proof that there exists a function G(r) with the stated prop-
erties. Assume G(7) =v(r, k)(1/7)e~**" with v(0, ) =1 and limit rdv/dr=0.
v(7, k) is then a solution of the differential equation

(@2/dr — 2ikd/dr + U())o(r, k) = 0. (4.4)

This is readily transformed into the integral equation
o(r, k) = v(, k) + (1/2ik)f (1 — eB* =N (" o(r', k)dy'  (4.5)

which may be solved by the method of successive approximation with the re-
sult

o(r, k) = (e, k)|:1 + (1/2ik) fr(1 — e2ikC=)U(r")dr!

+ (1/2ik)? f (1 = k=Y U () f (1 = k=Y UG dr (4.6)
_
By (4.6)

| o(r, )| < | (0, B) | [1 + frwrlU(i’,)dy'
- f;r, v f ,w",/U(””)df’”dr’ 4+ ... ]

| o(r, k)| < | v(0, k)| exp [frwr’u(r’)dr’]

Thus the series (4.6) is absolutely convergent uniformly in » and k. v(, &) is
defined by the boundary condition v(0, k) =1 or by the equation

and therefore
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0
1/v(0, k) = 1 + (I/Zik)f (1 — e2i*) U(r)dr

0 r
+ (1/2ik)? f(l — e~ 1 U(r) f (1 — e2kG="NU(Ndr'dr + - - - . (4.7)
Clearly v(, k) can never vanish and provided only that v(, &) is finite, the

function v(7, k) (1/7)e~*" possesses all the properties required of G(7).
(4.3) now becomes

P(xl) = (1/41r) fffv(rm’ k)(l/fn)e—ik"ﬂ[U(rg)e‘”“z
+ p(22)(U(r2) — U(r1a))]drs.

This yields immediately the exact value of p(x) at the origin. For with ;=0
the factor (U(r) — U(r12)) vanishes leaving

(4.8)

p(0) = (1/4x) f f f o(r, B)(1/r)U(r)e=ik o dr

) 1
= (%)f rU(r)o(r, k) e~ ikr (1) dody (4.9)
0 -1

(1/2ik) fw(l — e 2N\ U(r)o(r, k)dr

= gy(o0, k) — 1.
and at the origin the scattering function f(x) has the value v(, k):
f(0) =1+ p(0) = v(0, ). (4.10)

The scattering amplitude is

F(z/r) = (1/4x) fffek(> [e=ite 4+ p(x0) JU(ry)dry.  (4.11)

p(x1) appears under the integral on the right multiplied by a factor U(#)
which possesses a pole of the first order at the origin and decreases quite
rapidly for large values of 7. Thus an approximation to p(x) highly accurate
in the neighborhood of the origin is essential for the computation of the scat-
tering amplitude. If p(x) is small compared to unity at the origin the term in
p(x1) may be neglected and there remains just Born's” first order scattering
amplitude which agrees very well with experimental results down to sur-
prisingly low velocities. From (4.9) the condition for the validity of the Born
first order scattering amplitude is

lo(o, k) — 1| < < 1. (4.12)
In (4.7) both real and imaginary parts of 1/v(, k) are given by series of al-

" Born, Zeits. f. Physik 38, 803 (1926); Goett. Nach, 146 (1926).
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ternating positive and negative terms and provided that the absolute value
of the first integral is less than unity, the successive iterated integrals de-
crease steadily in absolute value. (4.12) is then satisfied when

[fwa — AR U(Ndr | < k. (4.13)

For atomic hydrogen and helium
U(r) = 2Z/r)e (1 + ar),

Z=1, a=1 hydrogen, Z=2, o =27/16 helium. The evaluation of (4.13)
yields

Z[(a/(a® + k%) + (2/k) tan* (k/a))*
+ (B/(a* + kD) + (1/B)lg.(1 + k/a?))’] <1 (4.14)

and the Born first order scattering amplitude is valid in the energy range W,
=200 volts for hydrogen, W,=400 volts for helium. Below these energies
p(x1) cannot be neglected in the evaluation of (4.11).

We rewrite (4.8) in the form

P(xl) = (1/4'"') fffG(?’m){U(i’m)e—ik“ +f(x2)(U(1’2) - L’r(f’m)]dT‘g

which suggests the approximation

pia) = (am) [ [ [Gtrmvoetinn,

— (1/4m)eikn f f GO U(r)e-i+dr (4.15)

= (v(0, k) — 1)ei,

valid for small values of 7; and accurate at the origin. With this approxima-
tion for p(x;) the scattering amplitude becomes

Fz/7) = [o(eo, k) /4] f f f ik o8 (1) =) U () dr, (4.16):

again the Born first order scattering amplitude except for the multiplying
factor v(o, k). The distribution in angle predicted by the Born formula
is then valid for electron energies smaller than calculated from (4.14), in agree-
ment with experimental results. It is to be expected that the total cross-
section computed from (4.16) will agree with experiment over a wide range
of electron energy than does the distribution in angle. Further investigation
of the function v(, k) is necessary.

In conclusion the writer wishes to record his indebtedness to Professor E.
C. Kemble for much encouragement and many helpful suggestions and criti-
cisms and to Harvard University for the award of a Parker fellowship which
makes possible the continuation of this work.
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Note added in proof (supplementing section 2):

(2.6) has been evaluated for elastic collisions using an analytic approxima-
tion to fi. The results are in qualitative agreement with the measurements of
Bullard and Massey® and Ramsauer and Kollath (Ann. d. Physik, vol. 12,
no. 5, 1932). A careful solution of the helium exchange scattering equation
by numerical integration is in progress. Incomplete results indicate quantita-
tive agreement with the measurements of Ramsauer and Kollath. The gen-
eral effect of including exchange is to greatly increase the variation of scatter-
ing intensity with angle. For the other rare gases, neon, argon, krypton, ex-
change is small and becomes important only in the neighborhood of the
cross-section minimum. The theory predicts for sufficiently low velocities a
scattering intensity symmetric about the direction of right angle scattering.
The scattering intensity does not tend toward spherical symmetry with de-
creasing electron velocity. These effects arise from the presence of p electrons
in the scattering atom. The series of argon curves in the work of Ramsauer
and Kollath strikingly exhibits both effects. A derivation and discussion of
the exchange scattering equations for the rare gases together with calcula-
tions for helium will appear later.



